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Input-output pairs  

• input:  a collection of  points                    

• output:  

• goal: predict  for a new  
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j=1, y1), ⋯, ({xM,j}NM

j=1, yM)
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Problem definition
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• Let  be the set of probability measures on  
• Let  be a feature map from  to the Hilbert space  associated to the 

kernel  

• Expected feature map 

𝒫(𝒳) 𝒳

φ : 𝒳 → ℋ 𝒳 ℋ
kφ : 𝒳 × 𝒳 → ℝ

Φ : μ ↦ 𝔼X∼μ[φ(X)] ∈ ℋ

Expected Feature Map
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Let  is a compact set. If  is an injective and continuous map and  
is a separable Hilbert space, then the kernel  defined by  
 
                      ,       ,  
 
is universal, i.e. the associated RKHS is dense in . 

𝒳 Φ : 𝒫(𝒳) → ℋ ℋ
k : 𝒫(𝒳) × 𝒫(𝒳) → ℝ

k(μ, ν) = exp( − σ2∥Φ(μ) − Φ(ν)∥2
ℋ) σ > 0

𝒞(𝒫(𝒳), ℝ)

Theorem (Christmann and Steinwart 2010)

Existing result 
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Figure 1. Simulated gases (30 particles) under different thermodynamic conditions. Higher temperatures increase the 
number of collisions resulting in different large-scale dynamics.
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The expected signature  is the map  defined 
element-wise for any  and any  as 

                             

𝔼S : 𝒫(𝒳) → 𝒯(ℝd) 𝔼S : μ ↦ 𝔼X∼μ[S(X)]
k ≥ 0 (i1, …, ik) ∈ {1,…, d}k

𝔼X∼μ[S(X)](i1,…,ik) = ∫x∈𝒳
S(x)(i1,…,ik)μ(dx) ∈ ℝ .

Definition

The Expected Signature

6

Definition

The kernel  associated to the feature map  is defined as  

                                      

ksig : 𝒳 × 𝒳 → ℝ S

ksig(x, y) = ⟨S(x), S(y)⟩𝒯(ℝ)d



If  is a compact subset of paths, then the kernel  
defined by  
                      ,       ,  
 
is universal, i.e. the associated RKHS is dense in . 

𝒳 ⊂ 𝒞Lip(I, ℝd) k : 𝒫(𝒳) × 𝒫(𝒳) → ℝ

k(μ, ν) = exp( − σ2∥𝔼S(μ) − 𝔼S(ν)∥2
𝒯(ℝd)) σ > 0

𝒞(𝒫(𝒳), ℝ)

Theorem

A kernel-based approach to DR
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If  is a compact subset of paths, then the kernel  
defined by  
                      ,       ,  
 
is universal, i.e. the associated RKHS is dense in . 

𝒳 ⊂ 𝒞Lip(I, ℝd) k : 𝒫(𝒳) × 𝒫(𝒳) → ℝ

k(μ, ν) = exp( − σ2∥𝔼S(μ) − 𝔼S(ν)∥2
𝒯(ℝd)) σ > 0

𝒞(𝒫(𝒳), ℝ)

Theorem

A kernel-based approach to DR
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| |𝔼S(μ) − 𝔼S(ν) | |2
𝒯(ℝd) = 𝔼X,X′ ∼μ[ksig(X, X′ )] − 2𝔼X∼μ,Y∼ν[ksig(X, Y)] + 𝔼Y,Y′ ∼ν[ksig(Y, Y′ )]



A pathwise approach to DR
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timeT0

𝔼S(μ)(t) ∈ 𝒯(ℝd)
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Any continuous function on a compact set of paths is well approximated by a finite linear 
combination of the terms of the Signature 

The Stone-Weierstrass Theorem for paths

A pathwise approach to DR
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!Pathwise ESDistribution on paths
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Inferring the temperature of a gas
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Experiments

            many collisionsfew collisions

Model Predictive MSE

few collisions many collisions

DeepSets (1.4± 0.7) · 10�1 (1.3± 0.9) · 10�1

RBF-RBF (2.1± 0.9) · 10�2 (1.2± 0.5) · 10�1

RBF-GA (2.8± 1.1) · 10�2 (4.9± 5.2) · 10�2

kerES (2.5± 1.6) · 10�2 (8.7± 4.6) · 10�3

linSES (1.2± 1.1) · 10�2 (7.6± 5.8) · 10�3

<latexit sha1_base64="6jArbxFqYaY3LQbP36CDkbmWTY0="></latexit><latexit sha1_base64="/pGXFcWuXDxnCsUkCY7ba3o6w8w="></latexit><latexit sha1_base64="NebtyyWh6cvAUhja1TVe0btiiDY="></latexit>

Table 3. We go from the “few collisions” settings to the “many 
collisions” by augmenting the radius of the particles.



Inferring the crop yield of a region
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Figure 3. Normalised time-series of temperature, humidity and precipitation, measured over 10 different locations 
across a region within a year.

Experiments
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Experiments

Model
Predictive MSE

0% dropped [running time] 30% dropped [running time]

RBF-RBF 0.671± 0.147 [2h17m] 0.819± 0.243 [1h19m]
kerES 0.563± 0.277 [0m26s] 0.583± 0.146 [0m21s]
linSES 0.616± 0.158 [1m33s] 0.646± 0.150 [1m07s]

<latexit sha1_base64="wpmSj/su4QBlOLMgMqnMEUnVo7Q="></latexit><latexit sha1_base64="wpmSj/su4QBlOLMgMqnMEUnVo7Q="></latexit><latexit sha1_base64="wpmSj/su4QBlOLMgMqnMEUnVo7Q="></latexit>

Table 2. The fully observed time-series are of length 1,696 and the yield is in tons per hectar.

Inferring the crop yield of a region
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