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Motivation: ’classical’ information theory

Kullback-Leibler divergence:

KL pP,Qq “

ż

Rd

ppxq log

„

ppxq

qpxq

ȷ

dx .

Mutual information:

I pPq “ KL
´

P,bM
m“1Pm

¯

.

Properties:
1 I pPq ě 0.
2 I pPq “ 0 ô P “ bM

m“1Pm.

Alternatives: Rényi, Tsallis, L2 divergence. . . Typically: X “ Rd .
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Kernels on Rd : generalization of xTy

X “ Rd , γ ą 0: kpx, yq “ ⟨φpxq, φpyq⟩H

kppx, yq “ p⟨x, y⟩ ` γqp, kG px, yq “ e´γ}x´y}
2
2 ,

kepx, yq “ e´γ}x´y}2 , kC px, yq “ 1 `
1

γ }x ´ y}
2
2

.

Kernels exist on various domains!

Zoltán Szabó Tensor Product Kernels for Independence



Kernels on Rd : generalization of xTy

X “ Rd , γ ą 0: kpx, yq “ ⟨φpxq, φpyq⟩H

kppx, yq “ p⟨x, y⟩ ` γqp, kG px, yq “ e´γ}x´y}
2
2 ,

kepx, yq “ e´γ}x´y}2 , kC px, yq “ 1 `
1

γ }x ´ y}
2
2

.

Kernels exist on various domains!
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Some kernel-enriched domains : pX , kq

Strings
[Watkins, 1999, Lodhi et al., 2002, Leslie et al., 2002, Kuang et al., 2004,
Leslie and Kuang, 2004, Saigo et al., 2004, Cuturi and Vert, 2005],

time series [Rüping, 2001, Cuturi et al., 2007, Cuturi, 2011,
Király and Oberhauser, 2019],

trees [Collins and Duffy, 2001, Kashima and Koyanagi, 2002],

groups and specifically rankings [Cuturi et al., 2005, Jiao and Vert, 2016],

sets [Haussler, 1999, Gärtner et al., 2002], probability distributions
[Berlinet and Thomas-Agnan, 2004, Hein and Bousquet, 2005,
Smola et al., 2007, Sriperumbudur et al., 2010],

various generative models [Jaakkola and Haussler, 1999,
Tsuda et al., 2002, Seeger, 2002, Jebara et al., 2004],

fuzzy domains [Guevara et al., 2017], or

graphs [Kondor and Lafferty, 2002, Gärtner et al., 2003,
Kashima et al., 2003, Borgwardt and Kriegel, 2005,
Shervashidze et al., 2009, Vishwanathan et al., 2010,
Kondor and Pan, 2016, Bai et al., 2020, Borgwardt et al., 2020].



Kernel, RKHS: intuition

Given: X set. H(ilbert space).

Kernel:

kpa, bq “ xφpaq, φpbqyH, p@a, b P X q.

Reproducing kernel of a H Ă RX :

kp¨, aq
loomoon

P H, f pbq “ xf , kp¨, bqyH
looooooooooomooooooooooon

reproducing property

.

spec.
ÝÝÝÑ kpa, bq “ xkp¨, aq, kp¨, bqyH. Hk “ t

řn
i“1 αikp¨, xi qu .
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Kernels: +2 definitions

Def-1 (feature space):

kpa, bq “ ⟨φpaq, φpbq⟩H .

Def-2 (reproducing kernel, constructive):

kp¨, bq P H, f pbq“ xf , kp¨, bqyH.

Def-3 (Gram matrix): G “ rkpxi , xjqsni ,j“1 P Rnˆn ľ 0.

Def-4 (evaluation): δxpf q “ f pxq is continuous for all x .

All these definitions are equivalent , k
1:1
Ø Hk .

We represent distributions in RKHSs: µP P Hk .
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Distribution representation

P ÞÑ µP “
ş

X φpxqdPpxq .

Cdf:

P ÞÑ FPpzq “ Ex„Pχp´8,zqpxq.

Characteristic function:

P ÞÑ cPpzq “

ż

Rd

e i⟨z,x⟩dPpxq.

Moment generating function:

P ÞÑ MPpzq “

ż

Rd

e⟨z,x⟩dP pxq .

Trick

φ: on any kernel-endowed domain!
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Distribution representation: on kernel-enriched domains

Mean embedding:

Dirac measure: δx ÞÑ kp¨, xq.

Generally:

µkpPq :“

ż

X
kp¨, xqdPpxq

loooooooomoooooooon

Bochner integral

P Hk .

DµkpPq ô
ş

}kp¨, xq}Hk
looooomooooon

?
kpx ,xq

dPpxq8.

Assume: bounded k .
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Mean embedding Ñ MMD, HSIC

’KL divergence & mutual information’ on kernel-endowed domains.

Mean embedding:

µkpPq “

ż

X
kp¨, xq dPpxq P Hk .

Maximum mean discrepancy:

MMDkpP,Qq “ }µkpPq ´ µkpQq}Hk
.

Hilbert-Schmidt independence criterion, k “ bM
m“1km:

HSICk pPq “ MMDk

´

P,bM
m“1Pm

¯

,

“

›

›

›
µbM

m“1km
pPq ´ bM

m“1µkm pPmq
loooooooooooooooooomoooooooooooooooooon

cross-covariance operator

›

›

›

bM
m“1Hkm

.

MMD, HSIC: easy to estimate!
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Mean embedding, MMD, HSIC: a few applications

two-sample testing
[Baringhaus and Franz, 2004, Székely and Rizzo, 2004, Székely and Rizzo, 2005,
Borgwardt et al., 2006, Harchaoui et al., 2007, Gretton et al., 2012, Jitkrittum et al., 2016],
and its differential private variant [Raj et al., 2019]; independence
[Gretton et al., 2008, Pfister et al., 2018, Jitkrittum et al., 2017a] and goodness-of-fit
testing [Jitkrittum et al., 2017b, Balasubramanian et al., 2021], causal discovery
[Mooij et al., 2016, Pfister et al., 2018],
domain adaptation [Zhang et al., 2013], -generalization [Blanchard et al., 2017],
change-point detection [Harchaoui and Cappé, 2007], post selection inference
[Yamada et al., 2018],
kernel Bayesian inference [Song et al., 2011, Fukumizu et al., 2013], approximate Bayesian
computation [Park et al., 2016], probabilistic programming [Schölkopf et al., 2015], model
criticism [Lloyd et al., 2014, Kim et al., 2016],
topological data analysis [Kusano et al., 2016],
distribution classification
[Muandet et al., 2011, Lopez-Paz et al., 2015, Zaheer et al., 2017], distribution regression
[Szabó et al., 2016, Law et al., 2018],
generative adversarial networks
[Dziugaite et al., 2015, Li et al., 2015, Binkowski et al., 2018], understanding the dynamics
of complex dynamical systems [Klus et al., 2018, Klus et al., 2019], . . .
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Central in applications: characteristic property

MMD: k is called characteristic [Fukumizu et al., 2008] if

MMDkpP,Qq “ 0 ô P “ Q.

Injectivitity of P ÞÑ µkpPq on finite signed measures:
universality [Steinwart, 2001].

HSIC: k “ bM
m“1km will be called I-characteristic if

HSICkpPq “ 0 ô P “ bM
m“1Pm.

bM
m“1km: universal ñ characteristic ñ I-characteristic.

Wanted

Characteristic properties of bM
m“1km in terms of km-s ?
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Known: description of characteristic property on Rd

For continuous bounded shift-invariant kernels on Rd :

kpx, x1q “ k0px ´ x1q
p˚q
“

ż

Rd

e´i⟨x´x1,ω⟩dΛpωq

ñ

}µkpPq ´ µkpQq}Hk
“ }cP ´ cQ}L2pΛq

.

p˚q: Bochner’s theorem.

, cP: characteristic function of P.

Theorem ([Sriperumbudur et al., 2010])

k is characteristic iff. supppΛq “ Rd .
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Examples on R; similarly Rd

kernel name k0 pk0pωq supp
`

pk0
˘

Gaussian e´ x2

2σ2 σe´ σ2ω2

2 R
Laplacian e´σ|x|

b

2
π

σ
σ2`ω2 R

B2n`1-spline ˚2n`2χr´ 1
2 ,

1
2 spxq 4n`1

?
2π

sin2n`2pω
2 q

ω2n`2 R
Sinc sinpσxq

x

a

π
2χr´σ,σspωq r´σ, σs

Fejér 1
n`1

sin2 pn`1qx
2

sin2p x
2 q

?
2π

řn
j“´n

´

1 ´
|j|
n`1

¯

δpω ´ jq t0,˘1,˘2, . . . ,˘nu

Zoltán Szabó Tensor Product Kernels for Independence



Well-known: M “ 2

[Blanchard et al., 2011, Gretton, 2015]:

k1&k2: universal ñ k1 b k2: universal (ñ I-characteristic).

Distance covariance [Lyons, 2013, Sejdinovic et al., 2013]:

k1&k2: characteristic ô k1 b k2: I-characteristic.

Goal

Extension to M ě 2.
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Discrete case: ’easy’ , e.g. k1, k2: char œ k1 b k2: char.

Characteristic property:

P1 ´ P2 ‰ 0 ñ µkpP1 ´ P2q ‰ 0.

Observation [Sriperumbudur et al., 2010]: k is characteristic iff.

@F P MbpX q
loomoon

finite signed measures on X

zt0u & FpX q “ 0 ñ }µkpFq}
2
Hk

loooomoooon

ş

X
ş

X kpx ,x 1qdFpxqdFpx 1q

ą 0.

Witness construction :
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2
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loooomoooon

eq1pAq“0

for which }µkpFq}
2
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“ 0
looooooomooooooon

eq2pAq“0

.

Example: Xm “ t1, 2u, kmpx , x 1q “ 2δx ,x 1 ´ 1 (solvable for A ‰ 0).
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k1, k2, k3: characteristic œ b3
m“1km: I-characteristic

Example

Xm “ t1, 2u, τXm “ Ppt1, 2uq, kmpx , x 1q “ 2δx ,x 1 ´ 1, M “ 3.

Then

pkmq3m“1: characteristic.
b3

m“1km: is not I-characteristic. Witness:

p1,1,1 “
1

5
, p1,1,2 “

1

10
, p1,2,1 “

1

10
, p1,2,2 “

1

10
,

p2,1,1 “
1

5
, p2,1,2 “

1

10
, p2,2,1 “

1

10
, p2,2,2 “

1

10
.
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Non-I-characteristicity: analytical solution

Parameter: z “ pz0, z1, . . . , z5q P r0, 1s6.

Example: p1,1,1 “

´

z2 ` z1 ` z4 ` z5 ´ 3z2z1 ´ 4z2z4 ´ 4z1z4 ´ z2z3 ´ 2z2z0 ´ 2z1z3 ´ 3z2z5

´ 2z4z3 ´ z1z0 ´ 3z1z5 ´ 2z4z0 ´ 4z4z5 ´ z3z0 ´ z3z5 ´ z0z5 ` 2z2z
2
1 ` 2z22 z1

` 4z2z
2
4 ` 2z22 z4 ` 4z1z

2
4 ` 2z21 z4 ` 2z22 z0 ` 2z21 z3 ` 2z2z

2
5 ` 2z22 z5 ` 2z24 z3

` 2z1z
2
5 ` 2z21 z5 ` 2z24 z0 ` 2z4z

2
5 ` 4z24 z5 ´ z22 ´ z21 ´ 3z24 ` 2z34 ´ z25

` 6z2z1z4 ` 2z2z1z3 ` 2z2z4z3 ` 2z2z1z0 ` 4z2z1z5 ` 4z2z4z0 ` 4z1z4z3

` 6z2z4z5 ` 2z1z4z0 ` 6z1z4z5 ` 2z2z3z0 ` 2z2z3z5 ` 2z1z3z0 ` 2z2z0z5

` 2z1z3z5 ` 2z4z3z0 ` 2z4z3z5 ` 2z1z0z5 ` 2z4z0z5

2z2z1 ´ z1 ´ 2z4 ´ z3 ´ z0 ´ 2z5 ´ z2 ` 2z2z4 ` 2z1z4 ` 2z2z0 ` 2z1z3 ` 2z2z5

` 2z4z3 ` 2z1z5 ` 2z4z0 ` 4z4z5 ` 2z3z0 ` 2z3z5 ` 2z0z5 ` 2z24 ` 2z25

.

We chose: z “
`

1
10 ,

1
10 ,

1
10 ,

1
10 ,

1
10 ,

1
10

˘

. Universality: helps?
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k1, k2: universal, k3: char œ b3
m“1km: I-characteristic

Example

Xm “ t1, 2u, τXm “ Ppt1, 2uq, M “ 3.

k1px , x 1q “ k2px , x 1q “ δx ,x 1 : universal.

k3px , x 1q “ 2δx ,x 1 ´ 1: characteristic.

Different constraints & Ppzq solution; same witness: useful.

p1,1,1 “
1

5
, p1,1,2 “

1

10
, p1,2,1 “

1

10
, p1,2,2 “

1

10
,

p2,1,1 “
1

5
, p2,1,2 “

1

10
, p2,2,1 “

1

10
, p2,2,2 “

1

10
.
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Results [Szabó and Sriperumbudur, 2018]

Proposition (characteristic property)

bM
m“1km: characteristic ñ pkmqMm“1 are characteristic.

ö [|Xm| “ 2, kmpx , x 1q “ 2δx ,x 1 ´ 1]

Proposition (I-characteristic property)

k1, k2: characteristic ñ k1 b k2: I-characteristic.
ð: for @M ě 2.

k1, k2, k3: characteristic œ b3
m“1km: I-characteristic [Ex].

k1, k2: universal, k3: char œ b3
m“1km: I-characteristic [Ex].
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Results: continued [Szabó and Sriperumbudur, 2018]

Proposition (Xm “ Rdm , km: continuous, bounded, shift-invariant)

The followings are equivalent:

(i) pkmqMm“1-s are characteristic.

(ii) bM
m“1km: I-characteristic.

(iii) bM
m“1km: characteristic.

We already know

piiiq ñ piiq ñ piq.

Remains: piiiq ð piq. Proof: Bochner theorem,

supp
´

ΛbM
m“1km

¯

“ ˆM
m“1supppΛkmq.

Proposition (Universality)

bM
m“1km: universal ô pkmqMm“1 are universal.
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The tricky direction: if pkmqMm“1 are universal . . .

Goal: injectivity of µ “ µbM
m“1km

on MbpX q, i.e.

µpFq “ 0
?
ùñ F “ 0.

Enough:

F
´

ˆM
m“1Bm

¯

“ 0, @Bm.
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Proof idea

0 “ µpFq “

ż

X
bM

m“1kmp¨, xmqdFpxq,

0 “

ż

X

J
ź

m“1

IBmpxmq bM
m“J`1 kmp¨, xmqdFpxq, @Bm,

0 “ F
´

ˆM
m“1Bm

¯

“

ż

X
ˆM

m“1IBmpxmqdFpxq, @Bm.

We proceed by induction (J “ 0, . . . ,M).
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Summary

We studied the validness of HSIC.

Space: X “ ˆM
m“1Xm. Kernel: k “ bM

m“1km.

HSICkpPq “ MMDk pP,bmPmq “ }cross-cov. op.}Hk
.

Complete answer in terms of km-s .

ITE toolkit, JMLR:

https://bitbucket.org/szzoli/ite/

Z. Szabó, B. K. Sriperumbudur. Characteristic and Universal
Tensor Product Kernels. JMLR 18(233):1-29, 2018.
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Thank you for the attention!
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Zoltán Szabó Tensor Product Kernels for Independence



In Conference on Uncertainty in Artificial Intelligence (UAI),
pages 258–267.

Fukumizu, K., Gretton, A., Sun, X., and Schölkopf, B. (2008).
Kernel measures of conditional dependence.
In Advances in Neural Information Processing Systems (NIPS),
pages 498–496.

Fukumizu, K., Song, L., and Gretton, A. (2013).
Kernel Bayes’ rule: Bayesian inference with positive definite
kernels.
Journal of Machine Learning Research, 14:3753–3783.
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Retrospective multiple change-point estimation with kernels.
In IEEE/SP Workshop on Statistical Signal Processing, pages
768–772.

Haussler, D. (1999).
Convolution kernels on discrete structures.
Technical report, University of California at Santa Cruz.
(http://cbse.soe.ucsc.edu/sites/default/files/
convolutions.pdf).

Hein, M. and Bousquet, O. (2005).
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Zoltán Szabó Tensor Product Kernels for Independence



Lopez-Paz, D., Muandet, K., Schölkopf, B., and Tolstikhin, I.
(2015).
Towards a learning theory of cause-effect inference.
International Conference on Machine Learning (ICML),
37:1452–1461.

Lyons, R. (2013).
Distance covariance in metric spaces.
The Annals of Probability, 41:3284–3305.

Mooij, J., Peters, J., Janzing, D., Zscheischler, J., and
Schölkopf, B. (2016).
Distinguishing cause from effect using observational data:
Methods and benchmarks.
Journal of Machine Learning Research, 17:1–102.

Muandet, K., Fukumizu, K., Dinuzzo, F., and Schölkopf, B.
(2011).
Learning from distributions via support measure machines.
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